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ABSTRACT

To solve the critical slab problem, the infinite medium Green’s function for the anisotropic scattering
obtained in terms of the infinite medium Green’s function for the isotropic scattering is used in the analytical
expressions of exit distributions in Fy method. The numerical calculations performed using Hy method. The
convergence of our numerical results is better than Fy method.

1. INTRODUCTION

The Fy method was used to solve some problems in neutron transport theory such as half-space albedo
problem, the half-space constant source problem, slab albedo problem, the critical slab problem etc. [1-3].
This method was developed from the use of Placzek lemma as Cy method [5-7]. The Placzek lemma states
that for a given finite homogeneous medium bounded by a surface S and surrounded by vacuum, the angular
flux inside S does not change if 1) medium is extended to infinity, i1) neutron sources outside S are removed

and sources inside are retained, and 1ii) an additional source .ﬁ,‘P(F.f)) 1s put on the surface S, where fzi

1s a unit vector inside normal to S. The integro-differential form of the one-speed neutron transport equation
in plane geometry is given by

oY (x,
p (x, )
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Here W(x, u) is the neutron angular distribution at any point, s(x, &) is the source function, ¢ is the mean
number of secondary neutrons per collision, 4 is the direction cosine of the propagating neutrons, f(u, &)
1s the scattering function and normalized to unity. The infinite medium problem for the half-space is defined

by [2,3]
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where £V (0, £)6(x) represents the sources on the surface at x =0 and H(x) is a unit step function which
1s defined as

Hx) 1 for xe€(0,0)
xX)=
0 otherwise
(3)

Woix,p)=H(x)'¥(x, p)

To write an analytical expression for'V (x, 1), we need to define the infinite medium Green’s function.

G(x, — x; 14, = p) represents the infinite medium Green’s function which satisfies the following equation

(4]
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subject to
G(x, > toojuy > )=0 . (5)

It means that we seek the distribution from a plane source of unit strength at x = x, emitting in the direction
H=py. G(xy = x; 4y — ) is the angular flux at x in the direction g in an infinite homogeneous
medium, produced by a plane unit source at x, emitting in the direction z,. Then for the half-space

problem, ¥, (x, #) can be written as [2,3]

W (x, )= Id/uo IdxoG(xo > X, > /U)l:H(xo)S(xouuo)"'/UolP(Oqu)§(xo)] : (6)

-1

In the extremely anisotropic scattering case, f (g, ') is defined by

f(u,u’)=§+b5(/x—/x’)+d5(/1+u'). @

a=1-a,b=0a,d=0 represents forward scattering with isotropic scattering, a=1-a,b=0,d =«
represents backward scattering with isotropic scattering, @ = 0 corresponds to the isotropic scattering. The
infinite medium Green’s function for anisotropic scattering case has been obtained in terms of the infinite
medium Green’s function for the isotropic scattering as [ 8]

: _pty : de :
Ganis(xo_)x’#o_)#)_2—qGis,c'(x")_)x"#o_)#)+2_qGis,c'(x")_)x”#o_)_’u) ®)
dc . pbP—q .
+2—qu.S’C,(x{) - X' —u, _)’u)+2_qGis,c' (xh = X511, > — 1)
in Eq. (8), G. i laced b
in Eq. (8) ls’c, 1s replaced by
ro—_ 1 ri—_ 1 ! ’
¥ ' ', P (FVes ) 9 (FVos o) | x"—xq |
. Xg => Xy —> = exp| ———
is. ot (0 = X540 = 1) NOT) | —
0
Loy ’ ’ ’ ’ ’ ©)
+ I¢ (Fv, )P (Fv ’#O)exp | x"= x| '
NG V' ’
where the upper sign is for x < x,, the lower sign is for x > x, and
ac
x'=xq , V(; =qv, , p=1—bC , q=\’p2—d2C2 , C’=m . (10)
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ivé are the two discrete eigenvalues with eigenfunctions ¢'(iv(;,,u) and V' are the continuum

eigenvalues on the range [-1,+1] with eigenfunctions ¢'(iv',,u).

ror

Avi v ]
PEvi =t #(v' )= P+ A(0)S(v =) A
with
A(v')=1-cV'tanh'v'. (12)

The normalization constants corresponding to discrete and continuum modes are respectively

| 113
’ ' ! ! ’ _CV :
N'(2v))= I#¢ (Bvo)p(xvy)du== 20 [V’g—l_viz]
1 0 0

(13)
1 12 _2 12
NG = I/I¢'(ivl)¢(i"/')d/‘ = V'{ (1 —"v'tanh™ V') % 2 7;‘/ }
-1

2. THE CRITICAL SLAB PROBLEM

Consider a slab extending from—7 < x < 7. It is surrounded by vacuum and there is no external sources.
We seek the critical thickness 7 for ¢’ > 1 [9-18]. The exit distributions at x = +7 are given by [2,3]

1
WY(-7,— )= —Id/zoG(—z' > -1 =1 > —/1)/10 W (-7,— 1)
0
1 1
+Id/10G(—z' =", —)—/1)/10‘1’(—1,/10)+ Id/zoG(z' - —1"—u —)—/1)/10‘1’(1,—/10) (142)
0 0

1
—[duG(z > -ty > -1) s, V(e 1) . >0
0

1
Y(z, 1) = —Id/loG(_T = =07ty = 1)ty Y (=7, ~ 14
0
1 1
+ [duG (=t > 7501 > 1) ¥ (=1, 1)+ [diG (x> 5=ty > 1) 1, W(r, =) (14D)
0 0
1
—Id,uOG(r—)r_;,uO—)/1)/10‘?(2',/10) , u>0
0

with
s(x, 1) =0 (15)

The boundary conditions are
\P(T,—,U):\P(—T,,U):O P ,U>0 (16)

We use the following expansions in Eq.(14a)

N
Y(-r,—)=W(r,p)=D au’ , u>0 (17)
1=0
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Here Hy method is used in the numerical calculations, it means that equation (14a) is multiplied by ym”

(m=0,1,2...) and integrated over u e [0, 1] using Eqgs.(16-17) and we obtain [9]

) c'zv'z T AA4 ABE
Z {m+€+2 (p+q){mA(vo)[A (v0)+Bm(v0)exp(— > )}+T(1 +1) )]

=0 0

| C'zvlz ’ cIZ
He _4N’(0v(3) & (v(’)(B’"(V(’)* 4,00 exp(= ’ )J+ U+ 4
+dc C'zv(')z B (V') A (V )+ B (v )ex (— ) +i(1143+1335)—
_4N’(v(')) 2\70 0 m\"0 p (,) 4 me m -
crzvrz
+(p_q)|:4N'( )A (Vo)[B (Vo)+A (vo)exp(— v )J+_(]4B+]445):| —0 a8
0

For ¢’ >1, v isreplaced by —ivy in Eq.(18) and the following expressions are used

% ( zvo)— 1+zv0A€ (=) (19a)
[} ) l 1 IV(') 1
Ay (vy)=1+ivylog| 1+— [=1-—+—"log| 1+—3 (19b)
Vo c 2 A
B, (=iv,) = —iVy B, (—=ivy) — ﬁ (19¢)
i 1 ivy 1
B, (- zvo)— —1+ivglog 1+— =——l+—log I+— : (19d)
v c 2 vy

We have N +1 homogenous linear algebraic equations in Eq. (18) and 7 1is calculated numerically for
different values of ¢'.
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Table 1. The critical slab thickness for forward and backward scattering

Backward Scattering

N c'=12 =13 c'=15 c'=2.0 c'=3.83
a =0.4545 a =0.6061 a=0.7273 a =0.8182 a=0.8770
0 3.50127 3.24863 2.95828 2.49339 1.12438
1 3.49223 3.23830 2.95415 2.55425 1.86660
2 3.49526 3.24275 2.95959 2.55489 1.88612
3 3.49534 3.24303 2.96073 2.55853 1.88520
4 3.49534 3.24303 2.96075 2.55923 1.88767
5 3.49534 3.24303 2.96075 2.55926 1.88961
6 3.49534 3.24303 2.96075 2.55926 1.89030
7 3.49534 3.24303 2.96075 2.55926 1.89051
8 3.49534 3.24303 2.96075 2.55926 1.88995
9 3.49534 3.24303 2.96075 2.55926 1.89026
10 3.49534 3.24303 2.96075 2.55926 1.89026
Fg Fy Fy Fg Fio
Ref.(10) 3.4953 3.2428 2.9604 2.5587 1.8907
Forward Scattering
0 5.17180 5.61315 5.41242 6.73837 8.38399
1 5.14937 5.60634 5.98773 6.30868 6.06111
2 5.15719 5.62441 6.03244 6.31828 5.65540
3 5.15752 5.62633 6.04951 6.24703 5.66119
4 5.15752 5.62635 6.05056 6.22312 5.66944
5 5.15752 5.62635 6.05056 6.22049 5.66582
6 5.15752 5.62635 6.05056 6.22051 5.66219
7 5.15752 5.62635 6.05056 6.22052 5.66083
8 5.15752 5.62635 6.05056 6.22052 5.66061
9 5.15752 5.62635 6.05056 6.22052 5.66065
10 5.15752 5.62635 6.05056 6.22052 5.66069
Ref(lO) Fg Fg Fg Fg F]()

5.1575 5.6263 6.0505 6.2203 5.6590

3. CONCLUSIONS

We have considered the critical slab problems with extremely anisotropic scattering. The analytical
expressions of exit distributions in Fy method are used for each problem. The numerical results are obtained

from the exit distributions which are multiplied by

m+l

(m=0,1,2...) and integrated over u e [0, 1] , [9].

This 1s a different numerical calculation from Fy method. In Table (1), the critical slab thickness are obtained

for different values of ¢’ andea. These values were convergence at different order of N when the Fy
method used as in Ref. [10].
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